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ABSTRACT. The paper is concerned with the vanishing viscosity limit
of the two-dimensional degenerate viscous lake equations when the Navier
slip conditions are prescribed on the impermeable boundary of a simply
connected bounded regular domain. When the initial vorticity is in the
Lebesgue space Lq with 2 < q ≤ ∞, we show the degenerate viscous
lake equations possess a unique global solution and the solution con-
verges to a corresponding weak solution of the inviscid lake equations.
In the special case when the vorticity is in L∞, an explicit convergence
rate is obtained.
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1. INTRODUCTION
Let Ω ⊂ R2 be a simply connected bounded domain with a smooth
boundary and let Ω and ∂Ω denote its closure and boundary, respectively.
Let I denote the 2×2 identity matrix. Let b(x) ∈ C2(Ω) be a given function
with b(x) > 0 for any x ∈ Ω. We are not assuming that b is nondegenerate,
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namely that b may be zero on ∂Ω. Consider the viscous lake equations{
∂tu
µ + uµ · ∇uµ − µb−1∇ · (2bD(uµ)− b∇ · uµI) +∇pµ = 0,
∇ · (buµ) = 0,
(1.1)
where x ∈ Ω, t > 0, µ > 0 represents the viscosity coefficient and
uµ = uµ(x, t) stands for the two-dimensional velocity field and D(uµ) the
deformation tensor, namely
D(uµ) =
∇uµ + (∇uµ)t
2
.
Attention here is focused on the initial- and boundary-value problem (IBVP)
for (1.1) with the free boundary condition
buµ · n = 0, ∇× uµ = 0, x ∈ ∂Ω, t > 0, (1.2)
and a given initial data
uµ(x, t) |t=0= u0, x ∈ Ω, (1.3)
where n denotes the unit normal vector and u0 is assumed to satisfy the
boundary condition in (1.2) and ∇ · (bu0) = 0. (1.2) is a special case of the
general Navier boundary condition
buµ · n = 0, 2D(uµ)n · τ + αu · τ = 0, x ∈ ∂Ω (1.4)
and (1.4) reduces to (1.2) when α(x) = κ(x), where τ is the unit tangential
vector, α(x) denotes the boundary drag coefficient and κ(x) is the curvature.
In the case when µ = 0, (1.1) formally reduces to the inviscid lake equa-
tions, {
∂tu
0 + u0 · ∇u0 +∇p0 = 0,
∇ · (b u0) = 0, (1.5)
but the corresponding boundary condition is
bu0 · n = 0 on ∂Ω. (1.6)
The viscous lake equations (1.1) have been derived to model the evolution
of the vertically averaged horizontal components of the 3D velocity to the
incompressible viscous fluid confined to a shallow basin with a varying
bottom topography (see [4, 5, 14]) while the invisvid lake equations (1.5)
describe the evolution of similar physical quantities governed by the Euler
equations (see [8, 12]). Physically b = b(x) denotes the depth of the basin.
Our intention here is to deal with the situation when b = b(x) is degenerate,
namely that
b(x) > 0 for x ∈ Ω and b(x) = 0 for x ∈ ∂Ω.
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As in [3], we write ∂Ω as the zero level set of a smooth function. That is,
b(x) = ϕ(x)a, Ω = {ϕ > 0} and ∂Ω = {ϕ = 0}, (1.7)
where a > 0 and ϕ ∈ C2(Ω).
Our goal here is to understand the vanishing viscosity limit of solutions
to the IBVP (1.1)-(1.3) when the initial vorticity ω0 = b−1∇× u0 ∈ Lq(Ω)
for some q satisfying 2 < q ≤ ∞. To deal with the vanishing viscosity
limit problem, we first establish the global existence of solutions to the
viscous IBVP (1.1)-(1.3) with ω0 ∈ Lq(Ω) for 2 < q ≤ ∞. For the inviscid
IBVP (1.5),(1.6) and (1.3), there is an adequate theory on the existence and
uniqueness of weak solutions. For the general case ω0 ∈ Lq(Ω) with 2 <
q ≤ ∞, a global weak solution to (1.5),(1.6) and (1.3) in the distributional
sense is obtained in [10, 12] for nondegenerate b(x), namely
0 < b1 ≤ b(x) ≤ b2 for all x ∈ Ω. (1.8)
When b(x) is degenerate, the global weak solution can be obtained by re-
placing b(x) by b(x) + ǫ for small ǫ > 0, applying the result for the non-
degerate case in [10] and taking the limit as ǫ → 0. The weak solutions
of (1.5),(1.6) and (1.3) are in the distribution sense and their uniqueness is
unknown if we just have ω0 ∈ Lq(Ω) with 2 < q < ∞. If ω0 ∈ L∞(Ω),
[3] established the global existence and uniqueness of weak solutions in the
class ω ∈ L∞(Ω× [0, T ]) for any T > 0. With these existence and unique-
ness results at our disposal, we are able to establish two vanishing viscosity
limit results. The first one is the strong convergence
uµ → u0 in Lr(0, T ;W α,r′(Ω)) as µ→ 0,
where uµ and u0 refer to the aforementioned solutions of (1.1)-(1.3) and
of (1.5),(1.6) and (1.3) associated with ω0 ∈ Lq, respectively, and the in-
dices r and α will be specified later. When ω0 ∈ L∞, an explicit rate of
convergence can be obtained. More precisely, we have
‖
√
b(uµ − u0)(t)‖2L2 ≤ CM2(1−e
−C˜t)
(
‖
√
b(uµ − u0)(0)‖2L2 + µt
)e−C˜t
.
Precise statements of these results will be given in the following section.
To put our results in proper context, we briefly summarize some recent
work on the viscous and inviscid lake equations. When b = 1, (1.1) and
(1.5) become the classical Navier-Stokes and Euler equations, respectively.
There is a large literature on the inviscid limit of the Navier-stokes equations
with the Navier boundary conditions (see, e.g., [1, 2, 7, 9, 15, 16]). If b is not
a constant but nondegenerate, namely b satisfies (1.8), the global existence
and uniqueness of strong solutions to the IBVP (1.1)-(1.3) is obtained in
[14] while the global weak solutions to the IBVP (1.5),(1.6) and (1.3) has
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been studied by D. Levermore, M. Oliver and E. Titi in [12] and [13]. The
vanishing viscosity limit of (1.1)-(1.3) in the case when b is nondegenerate
was investigated by Jiu and Niu ([10]). They proved that the solution of
(1.1)-(1.3) with any initial vorticity in Lp (1 < p ≤ ∞) converges to a weak
solution of (1.5),(1.6) and (1.3). In another recent work [11], Jiu and Niu
studied the viscous boundary layer problem for (1.1) with Navier boundary
conditions.
We remark that the vanishing viscosity limit problem for the case when
b is degenerate is more difficult than the nondegenerate case. A key tool
employed here is an elliptic type estimate for degenerate equations (see [3]
and Lemma 2.7 below). This estimate allows us to bound the W 1,q-norm of
uµ and u0 uniformly with respect to the degenerate b(x). Other techniques
involved such as the Yudovich approach will be unfolded in the subsequent
sections.
The rest of this paper is divided into three sections. The second sec-
tion states the main results and provides tools to be used in the subsequent
sections. The third section establishes the existence and uniqueness of so-
lutions to the IBVP (1.1)-(1.3) while the last section presents the inviscid
limit results.
2. MAIN RESULTS AND PREPARATIONS
This section provides the precise statements of the main results and list
some of the tools to be used in the proofs of these theorems.
One of the main theorems asserts the global existence and uniqueness of
solutions to the viscous IBVP (1.1)-(1.3). This theorem involves the vor-
ticity formulation. If uµ solves the IBVP (1.1)-(1.3), then it can be verified
(see [10]) that ωµ = b−1∇× uµ solves the following IBVP for the vorticity
equation

∂tω
µ + uµ · ∇ωµ − µ∆ωµ + 3µb−1∇b · ∇ωµ = µG(uµ,∇uµ),
bωµ = 0, x ∈ ∂Ω,
bωµ(·, 0) = bω0, x ∈ Ω.
(2.1)
where G(uµ,∇uµ) involves only the linear terms of the first derivatives of
uµ, and is given by
G = (b−1∆b+ |∇ ln b|2)ωµ + b−1∇× ((∇uµ·) ln b)
+ b−1∇× (∇ ln b(uµ · ∇(ln b))). (2.2)
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Theorem 2.1. Consider the IBVP (1.1)-(1.3) with b = b(x) being given by
(1.7) for a ≥ 2. Assume √bu0 ∈ L2(Ω) and ω0 = b−1∇× u0 ∈ Lq(Ω) for
some q satisfying 2 < q <∞. Then (1.1)-(1.3) has a unique solution which
satisfies

d
dt
∫
Ω
φ · uµbdx+ 2µ
∫
Ω
Duµ : Dφ bdx− µ
∫
Ω
divuµdivφ bdx
+
∫
Ω
uµ · ∇uµ · φ bdx+ 2µ
∫
∂Ω
κuµ · φbdS = 0,
buµ · n = 0, x ∈ ∂Ω,
uµ(x, 0) = u0, x ∈ Ω
for any φ ∈ W 1, qq−1 (Ω) with φ · n = 0 on ∂Ω.
In addition, ωµ = b−1∇ × uµ is well-defined, and satisfies (2.1) in the
distribution sense. Furthermore, for any T > 0, b 1pωµ ∈ C([0, T ];Lq(Ω))
and
‖
√
buµ‖L∞(0,T ;L2) + ‖b
1
qωµ‖L∞(0,T ;Lq) ≤ C, (2.3)
‖uµ‖W 1,q ≤ C, (2.4)
where C is a constant depending on a, q, T , ‖ϕ‖C2(Ω) and the initial norms
‖√bu0‖L2 and ‖ω0‖Lq only.
Since Ω is a bounded domain, ω0 ∈ L∞(Ω) can be treated as a special
case of Theorem 2.1.
Corollary 2.2. Consider the IBVP (1.1)-(1.3) with b = b(x) being given by
(1.7) for a ≥ 2. Assume √bu0 ∈ L2(Ω) and ω0 ∈ L∞(Ω). Then (1.1)-(1.3)
has a unique solution uµ obeys (2.3) and (2.4) for any 2 < q <∞.
It is not clear if the vorticity ωµ is in L∞(Ω). The approach of taking the
limit of ‖ω‖Lq as q →∞ would not work since the bound for ‖ω‖Lq grows
with respect to q very quickly (see the bound in Lemma 3.2).
Two other main results are the following theorems on inviscid limits.
The first one is a strong convergence result without an explicit rate. In
the following theorem u0 denotes a weak solution of the inviscid IBVP
(1.5),(1.6) and (1.3) in the distributional sense. As we explained in the
introduction, such weak solutions exist for all time. For the case when
ω0 ∈ L∞(Ω), the existence and uniqueness of weak solutions was obtained
by D. Bresch and G. Metivier [3].
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Lemma 2.3. Consider the inviscid IBVP (1.5),(1.6) and (1.3) with b = b(x)
being given by (1.7) for a ≥ 2. Assume √bu0 ∈ L2(Ω) and ω0 ∈ L∞(Ω).
Then (1.5),(1.6) and (1.3) has a unique solution u0 satisfies, for any 2 <
p <∞ and any T > 0,
u0 ∈ C([0, T ];W 1,p), ω0 ∈ C([0, T ];Lp) ∩ L∞([0, T ]× Ω)
and
sup
p≥3
1
p
(∫
Ω
|∇u0|pdx
) 1
p
<∞.
We now state our first vanishing viscosity limit result.
Theorem 2.4. Let b(x) = ϕa be given as in (1.7) with a ≥ 2. Assume√
bu0 ∈ L2(Ω) and ω0 ∈ Lq(Ω) for some 2 < q ≤ ∞. Let uµ be the unique
solution established in Theorem 2.1. Let ωµ = b−1∇ × uµ. Then, for any
1 < r <∞ satisfying 1 < 1/r + 2/q < 3/2,
uµ −→ u0 in Lr(0, T ;W α,r′(Ω)),
where r′ is the conjugate index of r, 1/r+ 1/r′ = 1 and α ∈ (0, 1) satisfies
1/r′ < 1/q − (1 − α)/2. Moreover, u0 is the weak solution to (1.5) and
(1.6), satisfying, in the case when 2 < q <∞√
bu0 ∈ L2(Ω), ω0 ∈ L∞([0, T ], Lq(Ω))
and, if q =∞, ω0 ∈ L∞([0, T ], Lq˜(Ω)) for any 1 ≤ q˜ <∞.
We remark that, when ω0 ∈ L∞(Ω), the weak solution u0 in Theorem 2.4
coincides with the unique weak solution in Lemma 2.3.
Corollary 2.5. If ω0 ∈ L∞(Ω), the weak solution u0 in Theorem 2.4 coin-
cides with the unique weak solution in Lemma 2.3.
When ω0 ∈ L∞(Ω), we obtain an explicit convergence rate.
Theorem 2.6. Let b(x) = ϕa be given as in (1.7) with a ≥ 2. Assume√
bu0 ∈ L2(Ω) and ω0 ∈ L∞(Ω). Let uµ be the unique solution estab-
lished in Theorem 2.1 and let u0 be the unique weak solution of the IBVP
(1.5),(1.6) and (1.3). Then, for any T > 0 and t ≤ T ,
‖
√
b(uµ − u0)(t)‖2L2 ≤ CM2(1−e
−C˜t)
(
‖
√
b(uµ − u0)(0)‖2L2 + µt
)e−C˜t
,
where C, C˜ and M are constants depending on a, T , ‖ϕ‖C2(Ω) and the
norms ‖√bu0‖L2 and ‖ω0‖L∞ only. Especially, if ‖
√
b(uµ−u0)(0)‖L2 → 0,
then ‖√b(uµ − u0)(t)‖L2 → 0 with an explicit rate, as µ→ 0.
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We now list some of the tools to be used in the proofs of the theorems
stated above. The first one is an estimate for solutions of degenerate elliptic
equations. This estimate was obtained in [3, Theorem 2.3].
Lemma 2.7. Let Ω ⊂ Rd be a simply connected bounded domain with a
smooth boundary and let b = b(x) be given by (1.7). Consider
∇ · (bv) = 0, ∇× v = f in Ω and (bv) · n = 0 on ∂Ω.
If, for 2 < p <∞,
bv ∈ L2(Ω) and f ∈ Lp(Ω),
then
v ∈ C1− dp (Ω), ∇v ∈ Lp(Ω), v · n|∂Ω = 0
and, for a constant Cp depending on p only,
‖v‖
C
1− dp
≤ Cp (‖f‖Lp + ‖bv‖L2).
Especially,
‖v‖Lp ≤ C‖v‖L∞ ≤ Cp (‖f‖Lp + ‖bv‖L2). (2.5)
In addition, for any p0 > 2 and p0 < p <∞, there is a constant C depend-
ing on p0 only such that
‖∇v‖Lp ≤ Cp (‖f‖Lp + ‖bv‖L2). (2.6)
Remark 2.1. The estimates in Lemma 2.7 bound the W 1,p-norm of v uni-
formly with respect to b. The estimates in (2.5) and (2.6) actually hold for
p = 2, namely the H1-norm of v is bounded by C(‖f‖L2 + ‖bv‖L2).
The following lemma reformulates the Navier friction condition in terms
of vorticity (see, e.g., [15]).
Lemma 2.8. Suppose v ∈ H2(Ω) with v · n = 0 on ∂Ω. Then,
D(v)n · τ = −κ(v · τ) + 1
2
∇× v on ∂Ω,
where τ denotes the unit tangent vector and κ the curvature of ∂Ω. In par-
ticular, if ∇× v = 0 on ∂Ω, then
D(v)n · τ = −κ(v · τ) on ∂Ω.
We will also need the following Osgood type inequality(see, e.g., [6]).
Lemma 2.9. Let α(t) > 0 be a locally integrable function. Assume ω(t) ≥
0 satisfies ∫ ∞
0
1
ω(r)
dr =∞.
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Suppose that ρ(t) > 0 satisfies
ρ(t) ≤ a+
∫ t
t0
α(s)ω(ρ(s))ds
for some constant a ≥ 0. Then if a = 0, then ρ ≡ 0; if a > 0, then
−Ω(ρ(t)) + Ω(a) ≤
∫ t
t0
α(τ)dτ,
where
Ω(x) =
∫ 1
x
dr
ω(r)
.
3. GLOBAL SOLUTIONS OF THE VISCOUS EQUATIONS
This section is devoted to the proof of Theorem 2.1. For this purpose, we
first establish several a priori estimates including a global L2-bound for the
velocity, a global Lq-bound for the vorticity and a global L2tH1x bound for
the velocity.
We start with the L2-bound for the velocity.
Lemma 3.1. (L2-Estimate) Suppose that the assumptions of Theorem 2.1
hold and let uµ be a smooth solution of (1.1). Then, for any T > 0,
‖
√
buµ‖2L∞((0,T );L2(Ω)) +
∫ T
0
∫
∂Ω
κ|uµ · τ |2bdS ≤ ‖
√
bu0‖2L2(Ω), (3.1)
where κ ≥ 0 is the curvature of ∂Ω.
Proof. We take the inner product of the first equation of (1.1) with buµ and
integrate by parts. Due to the divergence free condition ∇ · (buµ) = 0,
the contribution from the nonlinear term and the pressure term is zero. The
inner product with the dissipative term is
µ
∫
Ω
uµ · ∇ · (2bDuµ − b∇ · uµI) dx
= −µ
∫
∂Ω
(2uµ ·Duµn− (uµ · n)∇ · uµ)bdS
+ 2µ
∫
Ω
∇uµ : Duµbdx− µ
∫
Ω
(∇ · uµ)2bdx.
Writing uµ = (uµ ·n)n+(uµ ·τ)τ , applying the boundary condition in (1.2)
and the basic identity ∇uµ : Duµ = Duµ : Duµ, and invoking Lemma 2.8,
DEGENERATE LAKE EQUATIONS 9
namely D(uµ)n · τ = −κ(uµ · τ) on ∂Ω, we have
d
dt
∫
Ω
|uµ|2bdx+ 2µ
∫
Ω
Duµ : Duµ bdx− µ
∫
Ω
(∇ · uµ)2 bdx
+2µ
∫
∂Ω
κ|uµ · τ |2bdS = 0, (3.2)
where κ is the curvature of ∂Ω which is nonnegative by assumption. Since
2Duµ : Duµ − (∇ · uµ)2 = (∂1uµ2 + ∂2uµ1 )2 + (∂1uµ1 − ∂2uµ2)2 ≥ 0,
(3.1) then follows from (3.2). The proof of the lemma is then finished.
For the vorticity ωµ = b−1∇× uµ, we have the following estimate.
Lemma 3.2. (Estimate of Vorticity) Suppose that the assumptions of Theo-
rem 2.1 hold and let uµ be a smooth solution of (1.1). Let ωµ = b−1∇×uµ.
Then, for any T > 0,
‖(b) 1qωµ‖qL∞(0,T ;Lq) ≤ (‖
√
bu0‖qL2 + ‖ω0‖qLq)eµ(Cq)
q+1T , (3.3)
where C is a constant depending on a, q, T and ‖ϕ‖C2(Ω).
Proof. As stated in Section 2, ωµ satisfies (2.1). Taking the inner product
of |ωµ|q−2ωµb with the first equation of (2.1), integrating by parts and using
the zero boundary condition for bωµ, we have
1
q
d
dt
‖b 1qωµ‖qLq +
4(q − 1)
q2
µ
∫
Ω
|∇(ωµ) q2 |2bdx
≤ µ
∣∣∣∣
∫
Ω
|G(uµ,∇uµ)||ωµ|q−2ωµbdx
∣∣∣∣ + 4µ
∣∣∣∣
∫
Ω
∇b · ∇ωµ|ωµ|q−2ωµdx
∣∣∣∣ .
To bound the first term, we first notice from (2.2) that
‖bG(uµ,∇uµ)‖Lq ≤ ‖uµ‖W 1,q .
It then follows from Ho¨lder’s inequality that
µ
∣∣∣∣
∫
Ω
|G(uµ,∇uµ)||ωµ|q−2ωµbdx
∣∣∣∣ ≤ Cµ‖uµ‖W 1,q‖ωµ‖q−1Lq .
To bound the last term, we recall that b = ϕa with ϕ ∈ C2(Ω) and ϕ ≥ 0.
Therefore, for a ≥ 2,
|∇b|2 = |aϕa−1∇ϕ|2 ≤ Cϕ2a−2 ≤ Cϕa = Cb. (3.4)
Thus, by Ho¨lder’s and Young’s inequalities,∫
Ω
|∇b · ∇ωµ||ωµ|q−2ωµdx ≤ µ
q
∫
|∇(ωµ) q2 |2bdx+ Cµ
q
‖ωµ‖qLq ,
10 QUANSEN JIU, DONGJUAN NIU AND JIAHONG WU
where C is independent of q. Therefore, we obtain
1
q
d
dt
‖b 1qωµ‖qLq +
3q − 4
q2
µ
∫
Ω
|∇(ωµ) q2 |2bdx
≤ Cµ
q
‖ωµ‖qLq + µ‖uµ‖W 1,q‖ωµ‖q−1Lq .
By the estimates in Lemma 2.7,
‖ωµ‖Lq ≤ ‖∇uµ‖Lq ≤ Cq (‖b ωµ‖Lq + ‖buµ‖L2).
Thus,
d
dt
‖b 1qωµ‖qLq +
3q − 4
q
µ
∫
Ω
|∇(ωµ) q2 |2bdx
≤ µ(Cq)q(‖b ωµ‖Lq + ‖buµ‖L2)q
≤ µ(Cq)q+1(‖bωµ‖qLq + ‖buµ‖qL2).
Noticing that ‖bωµ‖Lq ≤ ‖b1/qωµ‖Lq and applying Lemma 3.1, we have
‖b 1qωµ‖qL∞(0,T ;Lq) ≤ (‖
√
bu0‖qL2 + ‖ω0‖qLq)eµ(Cq)
q+1T ,
which is (3.3). The proof of the lemma is complete.
The following lemma provides a bound for ‖√b∇u‖L2(Ω×[0,T ]). In addi-
tion, its proof is also useful in proving Theorem 2.6.
Lemma 3.3. Suppose that the assumptions of Theorem 2.1 hold and let uµ
be a smooth solution of (1.1). Then, for any T > 0,
‖
√
buµ‖2L∞((0,T );L2(Ω)) + µ
∫ T
0
‖
√
b∇uµ(t)‖2L2(Ω)dt
+ µ
∫ T
0
∫
∂Ω
κ|uµ · τ |2bdSdt ≤ C(‖
√
bu0‖2L2(Ω) + ‖ω0‖2L2(Ω)).
(3.5)
Proof. Substituting the identity
2Duµ : Duµ − (∇ · uµ)2 = |∇uµ|2 + 2(∂1uµ2∂2uµ1 − ∂1uµ1∂2uµ2 )
into (3.2), we obtain
d
dt
∫
Ω
|uµ|2bdx+ µ
∫
Ω
|∇uµ|2bdx− 2µ
∫
Ω
(∂1u
µ
1∂2u
µ
2 − ∂1uµ2∂2uµ1)bdx
+2µ
∫
∂Ω
κ|uµ · τ |2bdS = 0. (3.6)
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It is easy to check that
J ≡ 2
∫
Ω
(∂1u
µ
1∂2u
µ
2 − ∂1uµ2∂2uµ1)bdx
=
∫
Ω
∇ · (uµ1∂2uµ2 − uµ2∂2uµ1 , uµ2∂1uµ1 − uµ1∂1uµ2)bdx
=
∫
Ω
∇ · [(uµ1∂2uµ2 − uµ2∂2uµ1 , uµ2∂1uµ1 − uµ1∂1uµ2)b]dx
−
∫
Ω
(uµ1∂2u
µ
2 − uµ2∂2uµ1 , uµ2∂1uµ1 − uµ1∂1uµ2) · ∇bdx.
Writing
(uµ1∂2u
µ
2 − uµ2∂2uµ1 , uµ2∂1uµ1 − uµ1∂1uµ2)
= uµ1(∂2u
µ
2 ,−∂1uµ2)− uµ2(∂2uµ1 ,−∂1uµ1)
and applying the divergence theorem, we have
J =
∫
∂Ω
(uµ1τ · ∇uµ2 − uµ2τ · ∇uµ1)bdS
−
∫
Ω
(uµ1∂2u
µ
2 − uµ2∂2uµ1 , uµ2∂1uµ1 − uµ1∂1uµ2) · ∇bdx.
Since buµ · n = 0 on ∂Ω, we have buµ = (buµ · τ)τ on ∂Ω. Writing
uµ1τ · ∇uµ2 − uµ2τ · ∇uµ1 = −τ · ∇uµ · (uµ2 ,−uµ1), we find
J = −
∫
∂Ω
(τ · ∇uµ · n)(uµ · τ)bdS
−
∫
Ω
(uµ1∂2u
µ
2 − uµ2∂2uµ1 , uµ2∂1uµ1 − uµ1∂1uµ2) · ∇bdx.
By Lemma 2.8,
J =
∫
∂Ω
κ|uµ · τ |2bdS
−
∫
Ω
(uµ1∂2u
µ
2 − uµ2∂2uµ1 , uµ2∂1uµ1 − uµ1∂1uµ2) · ∇bdx.
Then (3.6) becomes
d
dt
∫
Ω
|uµ|2bdx+ 2µ
∫
Ω
|∇uµ|2bdx+ µ
∫
∂Ω
κ|uµ · τ |2bdS
= −µ
∫
Ω
(uµ1∂2u
µ
2 − uµ2∂2uµ1 , uµ2∂1uµ1 − uµ1∂1uµ2) · ∇bdx. (3.7)
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Applying Ho¨lder’s inequality and using (3.4), we have
µ
∣∣∣∣
∫
Ω
(uµ1∂2u
µ
2 − uµ2∂2uµ1 , uµ2∂1uµ1 − uµ1∂1uµ2) · ∇bdx
∣∣∣∣
≤ 1
2
µ
∫
Ω
|∇uµ|2bdx+ C µ‖uµ‖2L2
≤ 1
2
µ
∫
Ω
|∇uµ|2bdx+ Cµ(‖b1/2ωµ‖2L2 + ‖b1/2uµ‖2L2). (3.8)
Combining (3.7) with (3.8), we obtain
d
dt
∫
Ω
|uµ|2bdx+ µ
∫
Ω
|∇uµ|2bdx
≤ Cµ(‖b1/2ωµ‖2L2 + ‖b1/2uµ‖2L2).
Applying (3.3) and the Gronwall inequality, we obtain (3.5) and thus finish
the proof of this lemma.
We are now ready to prove Theorem 2.1.
Proof of Theorem 2.1. Let ǫ > 0 be a small parameter. We construct the ap-
proximate solutions (uǫ,µ, ωǫ,µ) to the nondegenerate viscous lake equations
with bǫ = b+ ǫ, namely

∂tu
ǫ,µ + uǫ,µ · ∇uǫ,µ
−µ(bǫ)−1∇ · (2bǫD(uǫ,µ)− bǫ∇ · uǫ,µI) +∇pǫ,µ = 0,
∇ · (bǫuµ) = 0,
bǫuǫ,µ · n = 0, bǫωµ = 0 on ∂Ω,
uǫ,µ(x, t) |t=0= u0.
(3.9)
Since bǫ is nondegenerate, the global existence and uniqueness of such so-
lutions can be obtained by a similar approach as in [10]. Moreover, uǫ,µ
satisfies (3.9) in the sense of distribution
d
dt
∫
Ω
φ · uǫ,µbǫdx+ 2µ
∫
Ω
Duǫ,µ : Dφ bǫdx
− µ
∫
Ω
divuǫ,µdivφ bǫdx+
∫
Ω
uǫ,µ · ∇uǫ,µ · φ bǫdx
+ µ
∫
∂Ω
κ(uǫ,µ · φ)bǫdS = 0 (3.10)
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for φ ∈ W 1, pp−1 (Ω) with φ·n = 0 on ∂Ω. Thanks to Lemma 3.1 and Lemma
3.2, we deduce the uniform estimates, for any T > 0,
‖
√
bǫuǫ,µ‖L∞(0,T ;L2) + ‖(bǫ)
1
qωǫ,µ‖L∞(0,T ;Lq) ≤ C. (3.11)
By the estimates in Lemma 2.7,
‖uǫ,µ‖W 1,q ≤ C(‖
√
bǫuǫ,µ‖L∞(0,T ;L2)
+ ‖(bǫ) 1qωǫ,µ‖L∞(0,T ;Lq)) ≤ C.
(3.12)
In these inequalities C’s are constants depending on T and q but not on ǫ or
µ. Furthermore, using (3.10), we can prove that ∂tuǫ,µ is uniformly bounded
in L∞((0, T );H−sloc (Ω)) for some s > 2. Thus (3.11) and (3.12) yield the
compactness of
√
bǫuǫ,µ in L2(0, T ;L2loc(Ω)) by Aubin-Lions Lemma. This
allows to pass to the limit ǫ → 0 in (3.10) to get the existence of weak
solutions of (1.1)-(1.3). Moreover, the solution uµ, ωµ satisfy the estimates
of (3.11) and (3.12). Using similar estimates of (3.9) and (3), we can prove
uniqueness of the weak solutions and we omit further details. The proof of
the theorem is now finished.
4. VANISHING VISCOSITY LIMITS
This section proves Theorem 2.4, and Theorem 2.6, the vanishing viscos-
ity limit results. In addition, a proof of Corollary 2.5 is also provided at the
end of this section.
Proof of Theorem 2.4. According to Theorem 2.1 and its proof given in the
previous section, the unique solution uµ of the IBVP (1.1)-(1.3) satisfies
√
buµ ∈ C(0, T ;L2) ∩ L2(0, T ;H1(Ω)),
uµ ∈ L∞(0, T ;W 1,q(Ω)), b 1qωµ ∈ L∞(0, T ;Lq(Ω))
and, for any test function φ ∈ C([0, T );W 1, qq−1 ) with φ · n = 0 on ∂Ω,∫
Ω
φuµbdx+ 2µ
∫ T
0
∫
Ω
Duµ : Dφbdx+ µ
∫ T
0
∫
Ω
∇ · uµdivφbdx
+
∫ T
0
∫
Ω
uµ · ∇uµ · φbdx+ µ
∫ T
0
∫
∂Ω
κ(uµ · φ)bdS
=
∫
Ω
u0φ(0, ·)bdx.
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Then we can take a subsequence, denoted by uµk , such that
uµk ⇀ u0 in w ∗ −L∞(0, T ;W 1,q(Ω)) ∩ L∞(0, T ;L2(Ω)),
ωµk ⇀ ω0, in w ∗ −L∞(0, T ;Lq(Ω)),
as k −→ ∞. Therefore, for any 1 < r <∞ satisfying 1 < 1/r+2/q < 3/2
and α ∈ (0, 1) satisfying 1/r′ < 1/q − (1− α)/2,
uµ −→ u0 in Lr(0, T ;W α,r′(Ω)),
where r′ is the conjugate index of r, 1/r + 1/r′ = 1.
In addition, the limiting function u0 satisfies the weak form of the inviscid
lake equations, that is,∫
Ω
φu0bdx+
∫ T
0
∫
Ω
u0 · ∇u0 · φbdx =
∫
Ω
u0φ(0, ·)bdx.
This completes the proof.
We now turn to the proof of Theorem 2.6.
Proof of Theorem 2.6. The differences v = uµ − u0 and p = pµ − p0 for-
mally satisfy

∂tv + v · ∇u0 + uµ · ∇v
−µb−1∇ · (2bDuµ − b∇ · uµ) +∇p = 0,
∇ · (bv) = 0,
(4.1)
with the boundary condition bv · n = 0. Taking the inner product of (4.1)
with bv, integrating by parts and applying the boundary conditions, we ob-
tain
1
2
d
dt
‖
√
bv‖2L2(Ω) +
∫
Ω
v · ∇u0 · vbdx+ 2µ
∫
∂Ω
κ|v|2bdS
+2µ
∫
Ω
D(v) : D(v)bdx− µ
∫
Ω
(∇ · v)2bdx
= −2µ
∫
∂Ω
κu0 · vbdS − 2µ
∫
Ω
D(u0) : D(v)bdx
+µ
∫
Ω
(∇ · u0)(∇ · v)bdx. (4.2)
We remark that (4.2) can be obtained rigorously by using the weak form of
the equations. We then combine the terms
2µ
∫
Ω
D(v) : D(v)bdx− µ
∫
Ω
(∇ · v)2bdx
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and bound them as in the proof of Lemma 3.3. More explicitly, as calcula-
tions in lemma 3.5, we write
2µ
∫
Ω
D(v) : D(v)bdx− µ
∫
Ω
(∇ · v)2bdx
= µ
∫
Ω
|∇v|2bdx− 2µ
∫
Ω
(∂1v1∂2v2 − ∂1v2∂2v)bdx
= µ
∫
Ω
|∇v|2bdx− µ
∫
∂Ω
κ|uµ · τ |2bdS
+µ
∫
Ω
(uµ1∂2u
µ
2 − uµ2∂2uµ1 , uµ2∂1uµ1 − uµ1∂1uµ2 ) · ∇bdx,
and then bound the last term above as in (3.8), namely
µ
∣∣∣∣
∫
Ω
(uµ1∂2u
µ
2 − uµ2∂2uµ1 , uµ2∂1uµ1 − uµ1∂1uµ2 ) · ∇bdx
∣∣∣∣
≤ 1
2
µ
∫
Ω
|∇v|2bdx+ Cµ(‖b1/2uµ‖2L2 + ‖b1/2ωµ‖2L2)
≤ 1
2
µ
∫
Ω
|∇v|2bdx+ Cµ(‖b1/2u0‖2L2 + ‖b1/2uµ‖2L2)
+Cµ(‖b1/2ω0‖2L2 + ‖b1/2ωµ‖2L2)
≤ 1
2
µ
∫
Ω
|∇v|2bdx+ Cµ,
where C’s depend on the initial norms ‖b 12u0‖L2 and ‖ω0‖L∞ only. Ap-
plying Ho¨lder’s inequality and Lemma 2.7, we have, for any T > 0 and
t ≤ T ,
1
2
d
dt
‖
√
bv‖2L2(Ω) +
1
2
µ
∫
Ω
|∇v|2bdx+ µ
∫
∂Ω
κ |v|2bdS
≤ Cµ+
∣∣∣∣
∫
Ω
v · ∇u0 · vbdx
∣∣∣∣
+2µ
(∫
∂Ω
κ|u0|2bdS
)1/2(∫
∂Ω
κ|v|2bdS
)1/2
+2µ‖∇u0‖L2(Ω)
(∫
Ω
|D(v)|2bdx
) 1
2
+µ‖∇ · u0‖L2(Ω)
(∫
Ω
(∇ · v)2bdx
) 1
2
. (4.3)
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Applying the bounds ‖b1/2u0‖L2 ≤ C for C independent of µ and by
Lemma 2.7,
‖∇u0‖L2(Ω) ≤ C ‖∇u0‖L3(Ω)
≤ C(‖bω0‖L3(Ω) + ‖bu0‖L2(Ω))
≤ C,
where C’s depend on the initial norms ‖b 12u0‖L2 and ‖ω0‖L∞ only, we have
from (4.3) that
d
dt
‖
√
bv‖2L2(Ω) +
µ
2
∫
Ω
|∇v|2bdx ≤ 2
∣∣∣∣
∫
Ω
v · ∇u0 · vbdx
∣∣∣∣ + Cµ, (4.4)
where C is independent of µ. Since ∇u0 is not known to be bounded in
L∞, we follow the Yudovich approach to deal with the nonlinear term (see,
e.g., [17] and [3]). For this purpose, we set
L := sup
p≥3
1
p
(∫
Ω
|∇u0|pdx
) 1
p
,
M := ‖u0‖L∞ + ‖uµ‖L∞ .
By Lemma 2.3, L <∞ and by Lemma 2.7, M <∞. Now, for δ > 0, let
Γµ,δ(t) = ‖
√
bv‖2L2(Ω) + δ.
Applying Ho¨lder’s inequality to the nonlinear term in (4.4), we have, for
any p ≥ 3,
d
dt
Γµ,δ(t) ≤ pLM
2
pΓµ,δ(t)
1− 1
p + Cµ. (4.5)
Optimizing the bound on the right of (4.5) with respect to p ≥ 3 yields
d
dt
Γµ,δ(t) ≤ Ce(lnM2 − ln Γµ,δ(t))Γµ,δ(t) + Cµ.
Integrating in time leads to
Γµ,δ(t) ≤ Γµ,δ(0) + Cµt+ Ce
∫ t
0
ρ(Γµ,δ(τ))dτ,
where ρ(x) = x(lnM2 − ln x). Let
Ω(x) =
∫ 1
x
dy
ρ(y)
=
∫ 1
x
dy
y(lnM2 − ln y)
= ln(lnM2 − ln x)− ln lnM2.
Applying Lemma 2.9, we get
−Ω(Γµ,δ(t)) + Ω(Γµ,δ(0) + Cµt) ≤ C˜t,
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where C and C˜ are constants independent of µ. Therefore,
− ln(lnM2 − ln Γµ,δ(t)) + ln(lnM2 − ln(Γµ,δ(0) + Cµt)) ≤ C˜t.
That is,
Γµ,δ(t) ≤M2(1−e−C˜t)(Γµ,δ(0) + µt)e−C˜t .
Letting δ → 0, we obtain
‖
√
b(uµ − u0)(t)‖2L2 ≤ CM2(1−e
−C˜t)
(
‖
√
b(uµ − u0)(0)‖2L2 + µt
)e−C˜t
.
This completes the proof of Theorem 2.6.
We finally prove Corollary 2.5.
Proof of Corollary 2.5. Let ω0 ∈ L∞(Ω) and let u01 and u02 be weak solu-
tions given by Lemma 2.3 and Theorem 2.4, respectively. Then, the differ-
ence
u¯0 = u01 − u02
satisfies the energy inequality
d
dt
∫
Ω
|u¯0|2bdx ≤ 2
∫ T
0
∫
Ω
|u¯|2|∇u01|bdx.
A Yudovich type argument as in the previous proof would lead to u¯0 = 0,
or u01 = u
0
2. We have thus completed the proof.
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